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UNIQUENESS OF UNCONDITIONAL 
BASES IN co-PRODUCTS 

P.G. Casazza and N.J. K Alton 

Abstract. We give counterexamples to a conjecture of Bourgain, Casazza, Lin- 
denstrauss and Tzafriri that if X has a unique unconditional basis (up to permuta¬ 
tion) then co{X) also has a unique unconditional basis. We also give some positive 
results including a simpler proof that co(^i) has a unique unconditional basis and 
a proof that co(G„ ) has a unique unconditional basis when pn | 1, Nn-\-i > 2Nn 
and (pn — pn+i) log A^n remains bounded. 


1. Introduction 

A Banach space X is said to have a unique unconditional basis (or more pre¬ 
cisely, a unique unconditional basis up to permutation) if it has an unconditional 
basis and if whenever [un) and {vn) are two normalized unconditional bases of 
A, then there is permutation tt of M such that (n„) and (M 7 r(n)) are equivalent. 
Since unconditional bases correspond to discrete or atomic order-continuous lat¬ 
tice structures on X, this can be reworded as a statement that such a lattice- 
structure is essentially unique. 

The earliest examples of Banach spaces with unique unconditional bases are 
co,^i ([10]) and £2 ([9]). It was shown by Lindenstrauss and Zippin [12] that 
amongst spaces with symmetric bases this is the complete list. Later Edelstein 
and Wojtaszczyk showed that direct sums of these spaces also have unique un¬ 
conditional bases. All these results can be found in [11]. In [3] the authors at¬ 
tempted a complete classihcation and showed that the spaces co(^i), 00 (^ 2 ), ^i(co) 
and £ 1 (^ 2 ) all have unique unconditional bases while £ 2 (^ 1 ) does not. They also 
found an unexpected additional space, 2-convexihed Tsirelson (see [5] for the 
dehnition) with a unique unconditional basis. Recently, the authors found a new 
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approach to this type of problem and were able to add some more spaces, in¬ 
cluding Tsirelson space (see [5]) itself and certain Nakano spaces [4] (as pointed 
out in [4] some spaces considered by Gowers [8] provide further examples) ; we 
also showed that uniqueness of the unconditional basis need not be inherited by 
a complemented subspace. 

This note is motivated by a question raised in [3]. They asked if co{X) has a 
unique unconditional basis whenever X does. The idea here is that if this and 
the corresponding dual result for £i—products holds then one could iterate the 
results in [3] to produce examples such as co(^i(co(^i))) and so on. 

Unfortunately as we show below in Section 4, the answer to this question is neg¬ 
ative and Tsirelson space T or its 2-convexi£ed version both produce counterex¬ 
amples. However, we show how our approach in [4] can be used for cq— products. 
We give a much shorter proof (Theorem 3.3) of the fact that co(^i) has a unique 
unconditional basis; the original proof of this result in [3] is extremely technical. 
We show by the same techniques (Theorem 3.4) that examples of the type co(£^") 
where J, 1, A^n-i-i > 2Nn and (pn —pn+i)logNn remains bounded must also 
have unique unconditional bases. 

In Section 4, we also use the same techniques to show that for certain right- 
dominant spaces X, as introduced in [4], such as Tsirelson space T, any un¬ 
conditional basis of cq{X) must be equivalent to a subset of the canonical basis 
(Theorem 4.1). Nevertheless we show that the unconditional basis of co{T) is not 
unique as already remarked. 

We conclude this section with a few remarks on terminology and assumptions. 
We will frequently index unconditional bases and basic sequences by an unordered 
countable index set A/” which need not be the natural numbers N. We will assume 
that any unconditional basic sequence ('Un)neN is semi-normalized, i.e. 0 < 
infneTvr llwnll < sup^gjv^ Il'Unll < oo. We will say that two unconditional basic 
sequences {un)neN and {vn)neN' are equivalent if there there is a bijection tt : 
M — M’ so that {un)neX and ('Cjr(^))^e_A/ are equivalent. 

An unconditional basic sequence {un)neN ia X is complemented if there is a 
bounded projection P : X ^ [un]neN- If iun)neM is an unconditional basis of X 
and {vn)neM' is an unconditional basic sequence of the form Vn = 
where the sets {An)neM' are disjoint subsets of A/” we say that {vn)neN'' is disjoint 
with respect to {un)neX- If ('^^n) is a complemented disjoint sequence then it may 

be shown that there is a projection Px = J2neX' where each n* G X* 
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is of the form v* = YlkeAn where {u'^)keN c^re the sequence of biorthogonal 
functions for {uk)keN- 

It will be convenient to represent a space X with unconditional basis {un)neM 
as a sequence space modelled on the index set A/”, identifying 'YhkeM with 
the function / : A/” —M given by f{k) = ak- This identihes X as a discrete 
Banach lattice and allows us to use functional notation. The canonical basis of 
a sequence space X modelled on M is denoted by (en)neA^- 

If {un)neX is an unconditional basis for X and A^ is a natural number we 
denote by the naturally induced unconditional basis of X^ (the direct 

sum of N copies of X). 

For future reference we note here that our techniques depend critically on the 
following result, proved in Theorem 3.5 of [4]: 

Theorem 1.1. Suppose X is a Banach space with an unconditional basis {un)neN 
which does not contain uniformly complemented copies of Itf (i-c. is not suffi¬ 
ciently Euclidean). Suppose {vn)neB is a complemented unconditional basic se¬ 
quence in X. Then there is a integer N and a complemented disjoint sequence 
(wn)neB in the basis such that {vn)neB is equivalent to {wn)neB- 

2. A CRITERION FOR AN £i- OR Cq-PRODUCT 
TO BE SUFFICIENTLY EUCLIDEAN 

The aim of this section is to establish criteria for co-product to contain uni¬ 
formly complemented copies of £3 so that we can apply Theorem 1.1. 

If A is a Banach space we will say that X has property P{k, M) where /c G N 
and M > 1 if whenever S : £2 ^ X and T : A —> are operators satisfying 
TS = I^k then Ill'll||T|| > M. We will say that a sequence of Banach spaces 
{Xj)°Ti has property P{k, M) if each Xj has property P{k, M). A Banach space 
A (respectively a sequence of Banach spaces {Xj)°Ti) is sufficiently Euclidean if 
there exists M so that A (respectively (Aj)°Ej^) fails P{k, M) for every /c G N. 

We recall that if is a hnite-dimensional Hilbert space and A : H ^ X is any 
linear map then the norm of A is given by: 

m 

i=l 

where (e^... , 6 ^,) is any orthonormal basis of H and (^fi,... , Qm) is a sequence of 

independent normalized Gaussian random variables. See [15]. If S is an operator 
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on a Banach space X and i? is a closed snbspace of X we denote by the 
restriction of S to E. 

Lemma 2.1. There exists a universal constant c > 0 with the following prop¬ 
erty. Suppose H is an n—dimensional Hilbert space and X is any Banach space. 
Suppose S : H X is any operator with Ill'll < 1. Then there is a subspace E 
of H with dim E > c£(5')^ so that ||5'£;|| < 

Proof. It will snfhce to prove this for S one-to-one, since the resnlt then follows by 
a simple pertnrbation argnment. Let fi be normalized invariant measnre on the 
snrface of the sphere in Consider the norm ^ ||5'^||; this satishes ||5'^|| < ||^|| 

for all We nse Theorem 4.2 of [13] (p.l2). If Mr is a median valne of the norm 
ll^eil then 

Mr<V2{ j = ,/^l[S). 

Lemma 2.2. Suppose X is a Banach space with property P{k,M). Suppose H 
is an n—dimensional Hilbert space and S : H ^ X and T : X ^ H are bounded 
operators with \\T\\ < 1. Then 

\tr {TS)\ < max{M-H{S), k^/‘^\\S\\) 

for some universal constant C. 

Proof. Snppose 1 < j < n and that Sj is the jth. singnlar valne of TS. We can 
restrict to a snbspace Hj of dimension j so that ||T5'^|| > Sj||^|| for all ^ G Hj. 

Assnme Sj > 0. Then by the preceding Lemma 2.1 there is a snbspace E of Hj 
so that dim E > ci{SHj)‘^ and ||5'^|| < 

Snppose dim E > k. Then we mnst have ||T||||S'e|| > Msj so that 1{Se) > 
This implies that sj < 3M£{S)j~^/‘^. If dim E < k then 

i{SH,)^\\SH,\\-^ <c-^k 

and so i{TSHj) < From this we dednce that 

or Sj < Ills'll. Combining we obtain that 

Sj < max{3M-H{S),c-^/‘^k^/^\\S\\)j-^/^. 

Now 

n 

\U{TS)\<J2^i < max{M-H{S), k^/‘^\\S\\) 

j=i 

for some nniversal constant C. 
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Lemma 2.3. There is a universal constant C so that if X is a Banach space 
with property P{k, M) then whenever H is a Hilbert space of dimension n, and 
S : H ^ X and T : X ^ H are bounded operators with ||T|| < 1, we have 

\tr {TS)\ < Cl{S){^ + 

Proof. We first choose an orthonormal basis {ei)f^i of H so that HiSeill = ||5 'hJ| 
where Hi = [e^, ... , 6 ^ 1 ]. Pick m = Then if ^fi,... are normalized 

independent Ganssians, 


> E(|| V ^ 7 ^Te,f)i/2 > ||^e^||E( max \gf). 
i=\ 

Now (cf. [13] p. 23) this implies that 

Il'S'e^ll < G(logm)“^/^£(5') 

for some nniversal constant C. Onr choice of m implies that we can replace this 
estimate by 

||*5e^|| <G(logn)-i/2£(^) 

for some nniversal constant C. 

If i? = [ei,... , Cm] then 


|tr (T5 e)| < 


On the other hand 

|tr {TSH^+t)\ < Gmax(M“\/c^/^(logn)“^/^)£(5')n^/^ 

by Lemma 2.2. Combining these resnlts gives ns onr estimate. □ 

Proposition 2.4. Suppose is not sufficiently Euclidean. Then £i{Xj) 

is not sufficiently Euclidean. 

Proof. Snppose (Xj) satisfies property P{k,M). Snppose n G N and S : Pf ^ 
£i{Xj) and T : £i{Xj) ££f are any operators satisfying TS = we assnme 

that ||T|| = 1. We write Sf, = and T{xi)^^ = 
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Now n = tr (TS) = (TiSi). On the other hand, by Lemma 2.3 we have 

that: 

(2.1) |tr iT,S,)\< + fc'/"(logn)-'/2£(5,)). 

Let (ei,... , Cn) be any orthonormal basis. Then by the Kahane-Khintchine 
ineqnality we have that 

n 

( 2 . 2 ) i{S,)<CoE{\\J29JS^eJ\\) 

j=i 

where the are normalized independent Ganssians, and Cq is a nniversal 

constant. Hence 

oo n 

(2.2) < CoE(|| < «(S). 

i=l j=l 

Hence, combining (2.1), (2.2) and (2.3), and since n = (TiSi), 

n < + /c^/^(logn)“^/2)£(5) < Gin||*S||(^ + /^^/^(logn)-^/^) 

for some nniversal constant Ci. We thns obtain an estimate 

Ill'll > min(M,/c“^/^(logn)^/^) 

for some absolnte constant C. This establishes the resnlt. □ 

Remark. In the case when W = cq we have that X satishes P{ck^f‘^, k) for c > 0 
and all k. We thns obtain that ^i(W) satishes P(c(log/c)^/^,/c) for some c > 0 
and all k. On the other hand Figiel, Lindenstranss and Milman [7] established 
the npper estimate that Ii{cq) contains a snbspace 2-isomorphic to which is 
(log/c)^/^—complemented; this estimate is best possible (see [2]). This snggests 
onr method, while not optimal, cannot be improved signihcantly. 

Corollary 2.5. Suppose {Xj)JLi is not sufficiently Euclidean. Then co{Xj) is 
not sufficiently Euclidean. 

Proof. This follows by simple dnality. □ 
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3. Unconditional bases in cq-products 

For convenience we define a seqnence space X as a Kothe space of real-valned 
fnnctions on a conntable set / (with connting measnre) so that the canonical basis 
vectors {ei)i^i form a 1-nnconditional basis. Usnally of conrse we take / = N, 
bnt for onr pnrposes it is convenienent also to allow / = N x N and certain other 
alternatives. A typical element a: of X is of the form x — {x{i))i^i. 

Let {un)neM be a set of disjointly snpported vectors in X. Then {un)neN is an 
nnconditional basic seqnence, which is complemented if and only if there exists 
a biorthogonal seqnence {u'^)neN' ^ with snpp w* C snpp RnR-n — b? 
{um u^) = 1 and snch that the projection 

PX = {x,uDUn 

is well-defined and bonnded. If we define fn — UnU"^ then > 0, G ii{I) 
and II/n111 = 1 for all n G N. Under these circnmstances we say that (un) is a 
complemented disjoint seqnence and we assnme that ( 11 *) and (fn) are associated 
with (un)- Note that we can always replace Un and w* by \un\ and \u^\ and hence 
also assnme them positive. 

We start with an observation which we will nse repeatedly. 

Lemma 3.1. Suppose X is a sequence space (modelled on an index set I) and 
{un)neN is a complemented disjoint sequence. Let {An)neX ony sequence 
of disjoint sets such that, for some d > 0 we have ||/nXA„||i > h > 0 for all 
n G Af. Let Vn = UnXA^- Then {vn)neM is a complemented disjoint sequence 
equivalent to {un)neN- Furthermore the biorthogonal vectors vf may be chosen 
so that VnVf < S~^fn. 

Proof. Let P be the projection onto [un]neX as defined above. Let 

< = l|/nXA„||r^<XA„ 


and define 

Qx= {x,vf)vn. 

Then it is easy to verify that Q is a bonnded projection, Qun = Vn and P{vn) — 
||/nXA„ IliRn- This qnickly establishes the eqnivalence of {un)neX and {vn)neX- 
Fnrthermore <W<5-Vn. □ 
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Next suppose is a sequence of sequence spaces modelled on index sets 

Ji (either finite sets or N). We suppose that for some q < oo the spaces (W) 
satisfy a lower g-estimate uniformly, i.e. there exists c > 0 so that if f G N and 
xi ... ,Xn are disjoint in Xi then 

n n 

fc=i fc=i 

Let Y = co{Xj) be the sequence space on J = : j E Ji, i E N} of all 

X = where x[i] G Xi are so that limi^oo = 0. We dehne 

llxlly = max llxhlllx'- 
ieN 

Now suppose {un)neN is a complemented disjoint sequence in Y, with biorthog- 
onal sequence (n*). As above let /„ = u'^Un- Then dehne G £i(N) by 

Fn{i) = 

We will say that {un) is C-tempered if 

CXD 

sup Fr,{i) < C. 

Theorem 3.2. Suppose (W)^i is a sequence of sequence spaces satisfying a 
uniform lower q-estimate for some q < oo. Suppose {un)neN is a normalized 
complemented disjoint sequence in co(W)- Then there is a complemented disjoint 
sequence {vn)neX equivalent to {un)neX a partition ff = UneA^n of Af with 
the following properties: 

(1) For each i E N we have either ||nfc[f]||xi = 0 or 1. 

(2) For some C each {vk)keBn is C-tempered. 

(3) There exists an integer N and subsets {Sn)neA off^ such that YlneA^Sk — 
N — 1 and Vk[i] = 0 whenever k E Bn and i ^ Sn- Hence for any finitely nonzero 
sequence {an)neN, 

max II ttkVkWv < II OkVkWv < (N - 1) max || akVkWr- 

keBn keX keBn 


Proof. As usual we let P be the induced projection on [un\neX- 



First let = {(*, j) : ||'f^n[*]||xi > (2||-P||) Notice that 


(wn [t] , Wn [t]) < 2IIPII 

" i=l 


< 


2IIPI 


\Un\\Y* 



Hence {unXAn)neJV is a complemented disjoint seqnence eqnivalent to {un)neJV- 
It follows after some appropriate renormalization that we can replace {un)neM 
by an eqnivalent seqnence with the additional property that ||'Un[*]||xi = 1 or 
Un[i\ = 0 for every f G N. For each n G A/” let S'n = {t : \\un Wllx, = l}. 

Next £x any G N so that > 1 + c“'^(l + ||P||)'^, where c is the constant of 
the nniform lower g-estimate. Let 5 = A^“^. We pick a maximal snbset A oi M 
with the property that if JF is a snbset of A with |JF| < N then 


E 

i=l 


maxF^(f) > (1 — £)|A’|. 

n6JF 


(Here = EjeJi fnihj) = (wn[*],<[*]) as nsnal.) 

Now let T be any snbset of A with |JF| = W We can partition N into N disjoint 
sets (Hn)Ei so that if f G then F ^ iS ) = max^ejr F ^{ i ). Let v = 
where = {(t, j) : i G j G Ji}. Clearly ||n||y < 1. However 


Pn = ^ ^ Fr,{i)ur, 
neJ^ieAn 


Since 


we conclnde that 


On the other hand, 


E E F„(i) > iv(i - ^) = iv -1 

nSJF i6A„ 

II UnWv < ||P|| + 1 - 


V Mnllv > cmax( V xs„(f)) 

^ ^ i6N ^ ^ 


1/g 






Hence 


(3,1) 


max 

ieN 


Exs.(»)<c“’(WI+l)''<Ar. 


n^T 
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Now suppose for some i we have YlneA (*) — Then we can hnd a subset 
JF of ^ with |JF| = N so that Xs„(*) — 1 for n G JF contradicting (3.1). We 
therefore conclude that: 


max 

ieN 


XsA^ <N -1. 

n^A 


Now suppose k ^ M \A. There exists a subset JF of Fl with 1 < |JF| < — 1 

and such that 


OO 

y^max(Ffc(t), maxFn(t)) < (|JF| + 1)(1 - h). 

i=\ 


Hence 

OO OO OO 

Y^min(Ffc(t), maxFn(i)) = y^(Ffc(t) + maxFn{i)) - max(Ffc(i), maxFn(t)) 

neJF ' n^T n^T 

i=l i=l i=l 


>YFkii)-l + S 

i=l 

> 6 . 


Thus there exists n G JF so that 

OO 

Y niin(Ffc(t), F^ii)) > 5/N = 

i=l 

Now let Tfc = {t : Fk{i) < 2N‘^Fn{i)}. Then J^ieTk ^k{i) > In the case when 
k E A we will put = Sk- 

We now can partition Af into disjoint sets {Bn)neA so that n E Bn and if 
k E Bn then < ‘^^‘^Bn{i) for i E Tk F Sn- If 

we then let = {(t,j) : i E Tk, j E Ji} and Vk = ’^kXT^^ then by Lemma 
3.1 we have that {vk)keAf is a complemented disjoint sequence in Y equivalent 
to {uk)keJV- Furthermore if (n^) is the biorthogonal sequence then we have an 
estimate VkV^ < Mfk for a suitable constant M. It follows that for each n E A 
we have 

{vk\i],vl\i]) <2MN^Fn{{) 

whenever k E Bn- Thus the sets {vk)keBn nre each (F-tempered where (7 is a 

constant depending only on c, q and \\P\\- 
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Finally suppose {an)neJV is finitely non-zero. Then 


akVkWr = max II akVk[i]\\xi 

^ ^ ieN ^' 

keM keN 


= max 
ieN 


E E 

nEAjlESn keBn 

< (TV - 1) max || ^ 

n^A 


akVkWWx, 


0>kVk\\Y- 


keBr, 


This completes the proof. □ 

Let us first use this result to give a simpler proof of the result of [3] that co(^i) 
has a unique unconditional basis (up to permutation). 

Theorem 3.3. The space co{ii) has a unique unconditional basis. 


Proof. We start with the remark that co(^i) is not sufficiently Euclidean (cf. 
Bourgain [2] or Corollary 2.5 above). Hence any complemented unconditional ba¬ 
sic sequence is equivalent to a complemented positive disjoint sequence in co(^i)"^ 
for some m. We can clearly suppose m = 1. 

We next show that any C-tempered C'-complemented disjoint sequence {un)neAf 
is iV-equivalent to the standard £i—basis where K depends only on C. Indeed we 
may suppose II 111 = lorn,^)*] = 0 for each t, "n-- Let G(f) = max^ [t], w* [t]). 
Then IIGIIi < C. 

Now 


^ ^ tln'f^nllco(^l) 
neN 


1 

> — 

- C 

1 

“ c 

1 

> — 

- c 

1 

“ c 


Wnl 

*=1 Un.li]j^0 

Y Y 

nEAf Un[i]^0 

OG 

nEM i=l 

Y, 

neN 


It follows that any unconditional basis of co(^i) is equivalent to the canonical 
unconditional basis of co(W^) where each is either or for some m = 
m{n). However there must be infinitely many indices n for which Xn = (since 
co(^i) cannot be decomposed as © Z where Z contains no copy of £i.) It then 
easily follows that co(^i) has a unique unconditional basis. □ 


11 



Theorem 3.4. Suppose 1 < Pn < oo and Pn I 1. Let (N^) be an increasing 
sequence of natural numbers such that (pn —pn+i) log is bounded and N^+i > 
2Nn. Then co{ip^) has a unique unconditional basis. 

Proof. We suppose the sequence (pn) fixed and first consider co(^^") for any se¬ 
quence of integers (M^). It is easy to see by considering the ultraproduct 
(which is an Li—space) that the sequence is not sufficiently Euclidean. By 

Corollary 2.5 the space Y = co(^^") is also not sufficiently Euclidean and there¬ 
fore every complemented unconditional basic sequence in Y is equivalent to a 
complemented disjoint sequence in Y^ = co(^p^”) for some r G N. 

In this case our spaces Xn are modelled on the sets Jn — {1,2,... , M^}. Thus 
co(^^") is modelled on the set {(n, /c) : n G N, 1 < k < M^}. 

Now suppose {un)neN is a C-tempered C-compfomented disjoint sequence in 
co(^ 5 ^") with the property that HunitjlLMi = 1 or 0 for each f, and let A = {i : 
3n, Un[i] 7 ^ 0}. We claim that: 

Claim: there exists a constant K = K{C), an integer r depending only on 
C, a subset B of A with \B\ < r and Pi < rMi for i E B so that {un)neX is 
K-equivalent to the canonical basis of {J^ieB ®^Pi)co- 

To this end let G{i) = sup( uti)*], «.*[«]) as usual. We have ^(i) — 
first consider the case when G{i) < ^ for every i. Then it is possible to find 
a finite increasing sequence of integers (/cj)j^o where N = [10(7] depends on G 
such that 

G(i) < j/10 

iCikj 

and 

51 G(i) > j/io. 

iKkj 

Notice that 

55 G(t) < 1 / 10 . 

i>kM 

It follows that for each n there exist at least three values of 1 < j < iV so that 

k ■ 

{u„W.<W)>T. 

We can then assign to each n a value of j which is neither the largest or smallest 

with this property. In this way we partition N into sets {J\fj) 2 <j<N-i- 
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Consider {un)neNy We note that this is eqnivalent (with constants depending 
only on C) to each of {vn)neNj and {wn)neAfj where Vn[i] = Un[i] if t < kj-i and 
0 otherwise while Wn[i] = Un[i] if i > kj and 0 otherwise. 

Now for any hnitely non-zero seqnence {an)neNj we have 

II ^ anVnWv < ( ^ 

ndMj n^Afj 

where Qj = pk^ ■ On the other hand 

II ^ anWnllv > max( ^ • 

ndMj ^ Un[i]j^0 

Thns 

nEAfj i>kj Un[i]^0 

Now for hxed n 

i'>kj ,Un[i]i^0 i'>kj 

It follows that {un)neAfj satishes an npper Qj-i—estimate and a lower gj—estimate 
with constants depending only on C. We next estimate {f/j \. In fact 

kj 

nEJ\fj i=kj 
kj 

< 

i=kj _ 1+1 

< C max Mi 

_ 1 < z < kj 

Hence if we select kj-i < i < kj appropriately we have {un)neNj eqnivalent to 
a snbset of the standard basis of where r and the constant of eqnivalence 
depend only on C. 

We mnst now treat the case when G{i) > W for some i. In this case we 
split M into two gronps M' and M" where M' = {n : dt, «.*[«]) > ^} 

and M" is the remainder. Then M" can be treated as before. For M' we note 
that {un)neJV' is eqnivalent to a seqnence {u'^) where u'^[i] = Un[i] for precisely 

one index i = in snch that ('Un+],> 1/20 and is zero elsewhere. The 
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appropriate representation of {un)neJV' follows once we observe that the set {in : 
n G Af'} is bonnded in cardinality with a bonnd depending only on C. Bnt this 
is clear since G{in) > 1/20 bnt X] 

Thns the claim is established. 

Retnrning to onr original hypotheses we see that if {un) is any nnconditional 
basis of co(£^^) then (un) is eqnivalent to the canonical basis of co(^^") where 
fofn < for all and some hxed r. By the same token the canonical basis of 
co{£p^) is eqnivalent a snbset of for some s G N. 

Now the additional hypotheses on Nn ensnre that the original basis is eqniva¬ 
lent to its sqnare. Hence the s-fold prodnct {unY is eqnivalent to a snbset of the 
canonical basis and so it follows from the Cantor-Bernstein principle (apparently 
hrst noticed by Mityagin, [14],[16] and [17]), that and the original basis are 
eqnivalent. 

Thns the canonical bases of co{£p^") and co{£p^") are eqnivalent. Let AA = 
iihj) : 1 < J < Mi} and Af = {{i,j) M < j < Ni}. Let ns snppose the 
former basis is indexed by AA^ = {{i,j) M < j < sMj} and the latter by 
Af^ = {{i,j) M < j < sNi}. Let if : AA^ Af^ be a bijection implementing the 
claimed eqnivalence of bases. By elementary considerations concerning cq— snms 
it is clear that for each hxed i the set {<f{i,j) M < j < Mi} can have at most 
t distinct hrst co-ordinates where t depends only on the constant of eqnivalence; 
similarly for each hxed i the set of possible hrst co-ordinates of if~^{i,j) can be 
bonnded by the same t. For each (a, b) G let Eab be the set of (t, j) so that 
i = a and the hrst co-ordinate of ipiiG) is h. Then let Fab be a snbset of Eab 
of size [lifa^l/s]. Restricting ip to l-i(^a,b)Fab prodnces an eqnivalence between the 
bases of cq{£^j-~°‘") and co{£p^~^^) where 0 < Pn G [s — l)t for each n. This 
clearly implies the eqnivalence of (un) and the original basis. □ 

4. Uniqueness of unconditional bases in 
Co-products of right-dominant spaces 

We hrst introduce some standard notation. Let A, B be subsets of N. We write 
A < B to indicate that max{a : a G A} < min{6 : 6 G R}. 

Let W be a sequence space modelled on N. We say that X is right-dominant 

if there is a constant k = k{X) so that whenever ui,... ,Un and vi,... ,Vn 

are any two disjointly supported sequences satisfying snpp Uk < snpp Vk and 

||ra:||x = I|pa:||a for 1 < /c < n then || '^k=i'^k\\x < r|| Ylk=i'^k\\x- We say that 
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X is left-dominant if there is a constant p = p{X) so that whenever ui,... ,Un 
and vi,... ,Vn are any two disjointly snpported seqnences satisfying snpp Uk < 
snpp Vk and \\uk\\x = \\vk\\x for 1 < /c < n then || Y^k=i'^k\\x < p\\ Efc=i^fcllx- 
Left and right-dominant spaces were stndied in [4], It is established (Lemma 
5.2 of [4]) that in these spaces there is exactly one r = r{X) (the index of 
X) so that ir is disjointly hnitely representable in X. If X is right-dominant 
then X satishes an npper r-estimate and a lower s-estimate for any s > r; the 
corresponding dnal statements hold for left-dominant spaces. Clearly if a space 
X is both left and right-dominant then X — Ir- 

Theorem 4.1. Let X be a right-dominant sequence space with r{X) = 1. Then 
every complemented unconditional basic sequence in co(X) is equivalent to a sub¬ 
sequence of the canonical basis. 

Remark. In particnlar this applies when X is a Nakano space ^(p„) where Pn i 1 
or when X is Tsirelson space T (see [4]). 

Proof. In this case we note that in the notation of Section 3, Ji — N for all i G N. 
We hrst note that by Corollary 2.5, co{X) is not snfhciently Enclidean. Hence by 
[4] Theorem 3.5, every complemented nnconditional basic seqnence is eqnivalent 
to a complemented positive disjoint seqnence in co{X)^ for some N and hence 
also to a complemented disjoint seqnence in co{X). 

Now by Theorem 3.2 it will snfhce to show that if {un)neM is a C-tempered 
(C-complemented nnconditional basic seqnence then {un)neM is i^-eqnivalent to 
a snbseqnence of the canonical basis of co{X) where K depends only on C. In 
fact we will show that it is iL-eqnivalent to a snbseqnence of the canonical basis 
of £^{X) where N depends only on C. 

We may snppose that, as before, ||'Un[*]||x = 1 or Un[i] = 0. Let fn — UnU'^ 
and Fnii) = ('^n[*],[*])• Let G{i) = vaa,yinFn{i) so that ||G||i < C. 

Pick any integer N > 2C. For each n & J\f we pick natnral nnmbers < Sn 
snch that 

OO r„ —1 .. 

fnihj) < ^ 

i=l j = l 

OQ Fn -| 

5^5^/n(bj) > ^ 

i=l j = l 


15 



OO Sn — 1 q 

fnihj) < I 

i=l j = l 

CX3 Stt, q 

i=lj=l 

We will argue by Hall’s Marriage Lemma (see Bollobas [1]) that it is possible 
to find an map (p : J\f ^ N such that (p{n) G [r^, s^], with \ip~^{k)\ < N for all 
/c G N. Indeed if not, the Marriage Lemma implies there is a minimal finite subset 
A4 of Af such that A^| UneM [’’n, Sn]! < \AA.\. It follows easily from the mininality 
that U„ex[rn, Sn] is an interval [a, 6]. From the disjointness of the (/n) we have 
that 

b 

y] sup fn{i, j) <{b-a + l)G{i) 

so that 

CxD b 

<{b-a + l)C 

i=lj=a 

However 

oo b -l 

i=l j=a 

SO that \M.\ < 2(6 — a + IjC* < N{b — a + 1) which is a contradiction. 

We can now split N into at most N disjoint subsets {Nk)keM so that ip is 
injective on each A4. 

For each n G A/” let = {{i,j) ■ j G <f(^)} and Bn = {(bj) ■ j A <F(n)}. 
Then, by Lemma 3.1, we have that {un)neM is equivalent to both {unXAn)neM 
and {unXBn)neAf with constants of equivalence depending only on C. 

Now suppose /c G Ad, and let {an)neMk be a finitely non-zero sequence. Then, 
by the right-dominance property, for each i 

II ^ ^ Q-n'^nX^n [*] 11 ^ — ^11 ^ ^ anll'^nX^n W ||x 

nEJXk nEJXk 

Hence 

( 4 . 1 ) II E ann-nX^n W II ^ — ^11 ^ ^ ane(^(n) IIX • 

nEJXk nEAf 
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In the opposite direction, again by the right-dominance property, we have 

(4.2) II 5 ; ani|WnXB„[*]||xe<^(n)||x < «^|| ^ an'WnXB„ [*] || X■ 

neA4 n6A4 

Combining (4.1) and (4.2), 

00 

(4-3) II ^ a^'^G{i)\\u^XBAi]\\xe^{^n)\\x <Ck\\ ^ a^-Unllv- 

nEAfk *=1 nENk 

For each n let In = {i '■ 8CG{i) > Hw* [t] ||x* }• Then 

1 “ 1 
ZG(»)<gpZll<Wll.v£8' 

i=l 

Hence 

5^('WnWXB„,<W) < -• 

However by choice of (p{n) we have 

CX) ^ 

5^('Wn[i]XB„,<W) > 

i=l 

Thns we have 

II^^Wxb.IUIKWIIx* 

i^In 

< SC' X] C(t)||'Un[t]XB„||x 

00 

< 8(7 y^G(t)||'UnWxB„||x- 

i=l 

The estimate above combined with (4.3) yields the ineqnality 

II ^ ^ IIX ^ 64(^7 k|| ^ ^ Q'n'i^nllV' 

nENk nEJVk 

Thns each {un)nENk eqnivalent to {e^p{^n))nEN'k ^ with constant of eqniv- 
alence depending only on C. Since |AI| < N where N depends only on (7, the 
resnlt is proved. □ 
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Let us say that an unconditional basis {un)neN is molecular if there exists a 
constant C and a natural number N so that if M is partitioned into N disjoint sets 
{N'k)k=i then there exists a proper subset of {1, 2,... , N} such that {un)neAf 
is C'-equivalent to a subset of Uk^M {'Un)neNk ■ Otherwise we will say that {un)neM 
is non-molecular. It follows from the quantitative form of the Cantor-Bernstein 
principle [14,16,17] that {un)neM is molecular if and only if there is a constant 
C so that if N is partitioned into N disjoint sets (A4)^i then there is a proper 
subset M. of { 1 , 2 ,... , A} so that {un)neAfk,keM is C'-equivalent to {un)neJV- 
Let us note that any subsymmetric basis is molecular with A = 2 as is the usual 
basis of ^q)£p when 1 < p, q < oo. The canonical basis of Ip © for p 7 ^ g 

is molecular with N = 3. 

Lemma 4.2. Suppose {un)^=i is a non-molecular unconditional basis. Then for 
any e > 0, N E N and constant C there exists M > N and subsets {Ak)^^i ofN 
so that: 

(1) For any subset A4 o/{l,2,... ,M} with |A1| < N then {un)ifFi is not C- 
equivalent to any subset of {un : n G UkeM^k}, and 

(2) iiY.k=iXAk > (l-e)XN. 

Proof. It suffices to consider the case when e = r/s is rational. We then may 
pick an integer m so large that mr > N and so that if L = then we can 
partition N into L sets so that (un) is not C-equivalent to a subset of {un)neM 
where M is the union of any L — 1 sets. 

Let O be the collection of all m{s—r) subsets of (1,2,... , ms}. We can partition 
N = so that (u^jneN is not C-equivalent to a subset of {un)neJV where 

Af = for some proper subset D of O. 

Now let Ak = for 1 < k < M = ms. It is clear that 

ms 

^XAk =m{s-r)xn 

k=i 

so that ( 2 ) holds. Suppose is C-equivalent to a subset of {un)neAf where 

Af = UkeMAk- Then we have UkeJoiAk = ^ whence |A1| > mr. □ 

Theorem 4.3. Let X be a space with nontrivial cotype and an unconditional 
basis (un). If cq{X) has a unique unconditional basis then (un) is molecular. 

Proof. We will assume, on the contrary that the basis (un) is not molecular. 

Let us regard W as a sequence space so that the given unconditional basis is 
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identified with (eTi)neN- We start by using Lemma 4.2 repeatedly to generate for 
each r G N, subsets of N so that: 

(1) For any subset of {1, 2,... , with \M.\ < r the basis (en)’^=i is not 
r-equivalent to any subset of {cn '■ n E UkeM^nk}, and 

(2) M-' XA., > (1 - 2-<’-+‘))xn. 

Now for each s e N let Ps — 0^1 and let be a listing of all sets 

of the form D^^iArk^. We observe that 

Ps ^ 

^ > -XN- 

k=l 


Consider the index set / = {(s, k) : 1 < k < Ps, s G N}. We will consider the 
space co(W) as a sequence space modelled on / x N. 

Consider now the block basic sequence 




Ps 

E 

k=i 


('skn- 


If we define the biorthogonal functionals 


= 


1 


^skn 




then it is clear that ('Usn)s,n is a complemented disjoint sequence equivalent to 
the canonical basis of co{X). 

Now let D = {{s,k,n) : n G Bgk}- Then ||'U^'U*X£)||i > i. It follows from 
Lemma 3.1 that {uanXD)s,n is also a complemented disjoint sequence equivalent 
to the canonical basis of co(W). 

The basis vectors [eakn) for (s, k,n) E D span a complemented subspace Y of 
co{X) which by the above remark contains a complemented copy of co(W). By 
the Pelczynski decomposition argument, Y is isomorphic to co(W). If we assume 
that co(W) has a unique unconditional basis then it will follow that the whole 
basis (esfcn)(s,fc)E 7 ,n€N is C-equivalent, for some C, to its subset {eskn){s,k,n)eD- 

Thus we can partition D into subsets so that each subset (eskn) for 

{s,k,n) E Dt is C-equivalent to the canonical basis (e„) of X while any subset 
obtained by picking one element from each Dt is C'-equivalent to the standard 

Co-basis. ^From this and the fact that X has a lower-estimate it is clear that 
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for fixed (s, k) at most finitely many Dt can intersect the set of all (s, k,n) for 
n G N. Note also that the set of (s, k) snch that (s, /c, n) G Dt for some n mnst 
also be nniformly bonnded by some constant K again by the lower estimate on 
X. 

In particnlar for any sq there exists t so that if {s,k,n) G Dt then s > sq. 
Hence, the canonical basis of X is C'-eqnivalent to a snbset of U(^s,k)eMBsk where 
(s,/c) G Xi implies s > sq and \M.\ < K. Now each is contained in some 
AgQ^k and so we mnst have K > sq . By choosing sq large enongh we get a 
contradiction. □ 

We now state withont proof a general theorem which can be proved by exactly 
the same argnment. 

Theorem 4.4. Suppose 1 < p < oo and suppose X is a Banach space with a non- 
molecular unconditional basis with the property that it does not contain 

subsets unifomrly equivalent to the unit vector bases of for m = 1, 2,... . Let 
iXmn)m,n=i induccd basis of £p{X). Then there is a subset .4, C N x N so 

that {umn)(m,n)eA uou-equivalent to the full basis (umn) and spans a subspace 
isomorphic to £p{X). 

We conclnde with a theorem which gives ns a large nnmber of examples of 
right-dominant spaces with non-molecnlar nnconditional bases. 

Theorem 4.5. Suppose X is a right-dominant sequence space with r{X) = r. 
Suppose the canonical basis is molecular. Then X = £r. 

Proof. It is enongh to show that X is left-dominant. Let ns assnme the contrary. 
Then we claim: 

Claim: Given any a G N and C > 0 there exists b > a so that {ek)a<k<b is not 
C-equivalent to any subset of {ek)k<a U {ek)b<k- 

To prove the claim let Ci > C'^k -\- a. Since X is not left-dominant there 
exist disjoint seqnences {un)n=i and {vn)n=i with finite snpports so that a < 
snpp Un < snpp Vn for each n, ||'Un||x = ll^nllx and 

N N 

II ^^nllx > C*!!! Un\\x- 

n=l n=l 

Pick b so large that snpp < b for all n. Snppose {ek)a<k<b is C'-eqnivalent 

to some snbset of {ek)k<a U {ek)k>b- Then there exist {wn)n=i each with finite 
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disjoint supports not intersecting (a, 6] so that ||wn||x = ll'f^nllx for 1 < n < 
and 

N N 

II ^W^nllx < C^W Un\\x- 

n=l n=l 

Let M. = {n : supp Wn H [1, a] ^ 0}. Then \M.\ < a. Thus 


N 

VnWx < a|| y^Wnllx- 

nEA4 n=l 


On the other hand 


N 

y^ Vn\\x < «^|| Wn\\x < l^\\ '^UnWx- 

n^Ai n^Ai n=l 


It follows that Cl < C‘^K + a contrary to assumption. This establishes the claim. 

To prove the theorem we use the claim to hud an increasing sequence 
so that (efc)a„<fc<a„+i is not n-equivalent to any subset of (efc)fc<a„ U (efc)fc>a„+i- 
Then hx any s G N and consider the sets Aj = U{(a„, a„+i] : n = j mod s} for 
0 < J < s — 1. Now the sets {en)neAj partition the basis into s sets in such a 
way that no (s — 1) sets contain a subset equivalent to the original basis. This 
contradicts our assumption that the basis is molecular. □ 


Examples. We can now give many examples of spaces X with a unique uncondi¬ 
tional basis but such that the co-product co{X) fails to have unique unconditional 
basis. This will answer negatively a question raised in [3]. 

In fact if X is right-dominant and co{X) has unique unconditional basis then 
X must be one of the three spaces cq, ii or £ 2 - This follows by observing that if 
it is not in this list then r{X) < cx) and hence X has cotype. Then the preceding 
Theorems 4.3 and 4.5 show that X = £r for some hnite r. The uniqueness then 
forces either r = 1 or r = 2. 

On the other hand there are many known examples of right-dominant spaces 
with unique unconditional bases. In [3] 2-convexi£ed Tsirelson space is shown to 
have unique unconditional bases. In [4] Tsirelson space itself and certain Nakano 
spaces £(p^) are shown to have unique unconditional bases. These latter examples 
satisfy r{X) = 1 so that we can apply Theorem 4.1. The second non-equivalent 
basis constructed in Theorem 4.3 is indeed equivalent to a subset of the original 
basis. □ 
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